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In the following work, we pedagogically develop 5-vector theory, an evolution of scalar field theory
that provides a stepping stone toward a Poincare´-invariant lattice gauge theory. Defining a continu-
ous flat background via the four-dimensional Cartesian coordinates {xa}, we ‘lift’ the generators of
the Poincare´ group so that they transform only the fields existing upon {xa}, and do not transform
the background {xa} itself. To facilitate this effort, we develop a non-unitary particle represen-
tation of the Poincare´ group, replacing the classical scalar field with a 5-vector matter field. We
further augment the vierbein into a new 5 × 5 fu¨nfbein, which ‘solders’ the 5-vector field to {xa}.
In so doing, we form a new intuition for the Poincare´ symmetries of scalar field theory. This effort
recasts ‘spacetime data’, stored in the derivatives of the scalar field, as ‘matter field data’, stored
in the 5-vector field itself. We discuss the physical implications of this ‘Poincare´ lift’, including the
readmittance of an absolute reference frame into relativistic field theory. In a companion paper [1],
we demonstrate that this theoretical development, here construed in a continuous universe, enables
the description of a discrete universe that preserves the 10 infinitesimal Poincare´ symmetries and
their conservation laws.
INTRODUCTION
The Poincare´ group sharply contrasts with the
SU(3)× SU(2)× U(1) symmetry group of the Standard
Model, in that it is understood to act not only on parti-
cles of the Standard Model, but also on the spacetime
manifold itself. This foundational assumption of the
Standard Model sets gravity apart from the other three
fundamental forces.
In the present work, we reconstrue the symmetries of
the Poincare´ group, not as ‘horizontal’ symmetries act-
ing on the spacetime manifold, but as ‘lifted’ symmetries
acting on a physical theory’s ‘vertical’ space. We develop
5-vector theory, an evolution of classical scalar field the-
ory whose Poincare´ symmetries are elevated to act solely
on its vertical matter and solder fields—and whose dy-
namics are nevertheless equivalent to those of the scalar
field.
To accommodate such a modified group action, we
reimagine both the matter field of scalar field theory as
well as the ‘background canvas’ on which scalar field the-
ory is constructed. Rather than embedding our physical
model in a spacetime whose coordinates transform with
translations and Lorentz transformations, we imagine a
‘static’ four-dimensional background, with Cartesian co-
ordinates {xa} and metric ηab of signature (−+++).
This Cartesian1 spacetime is not to be viewed as a
Poincare´-set—in particular, it does not transform under
Poincare´ transformations. In this sense, the coordinate
x0 represents an absolute time and x an absolute space—
1 Although they have a defined metric, the coordinates
{xa}a∈{0,1,2,3} are labeled as Cartesian—and not Euclidean
or Minkowskian—to emphasize their rigidity. Their discrete
counterpart—the ‘integer lattice’—will not have any infinitesi-
mal symmetries.
together comprising an absolute reference frame of what
we will show to be, nonetheless, a fully relativistic phys-
ical model.
On this background, we replace the familiar scalar field
φ(xb) with a 5-vector matter field, and we augment the
4 × 4 vierbein matrix e aµ (x
b) into a solder field2 we call
the fu¨nfbein, a 5× 5 matrix at each point xb, as follows:
φ(xb)→ φ(xb) ··=
[
φµ
φ
]
(xb)
e aµ (x
b)→ e(xb) ··=
[
e aµ 0
eµ 1
]
(xb).
(1)
In a manner that shall be made clear, the fu¨nfbein serves
as the ‘hinges’ that bind, or solder, the vertical matter
field φ to the horizontal Cartesian background; we shall
see that {xa} itself is independent of Poincare´ transfor-
mations, and that the transformed fu¨nfbein provides the
mapping from this fixed background to the transformable
matter field. It is for this reason that both Poincare´
(Greek) indices and Cartesian (Latin) indices appear in
the fu¨nfbein.
The 5-vector and fu¨nfbein serve as the targets of
Poincare´ transformations—as the Poincare´-sets—of our
new field theory. As we will show, in establishing a more
detailed matter field φ, we essentially transfer the data
stored in spacetime—via spacetime derivatives ∂µφ of the
scalar field—to data stored in the φµ components of the
2 We note that our use of the term solder field is exceptional; in
treatments of reductive Cartan geometry (e.g. [2]), the solder-
ing form or coframe field is a g/h-valued horizontal 1-form that
shares the dimension of its base manifold. Because we augment
the vierbein into the larger fu¨nfbein, however, we find it simplest
to regard both e aµ (x
b) and e(xb) as matrix-valued 0-forms.
2matter field itself. As further demonstrated in a compan-
ion paper [1], this data-transfer is crucial—it ‘unburdens’
the Cartesian canvas of our physical theory, affording its
discretization without sacrificing Poincare´ symmetry.
In the following work, we motivate this evolution
of scalar field theory. We apply at length the varia-
tional technology of [3], and progressively introduce mod-
ified forms of the scalar field Lagrangian until our 5-
vector theory is discovered. We solve for the symmetries
and Poincare´ currents—the linear and angular energy-
momentum tensors—of our theory, and we discuss the
physical implications of this ‘Poincare´ lift’.
REAL SCALAR FIELD THEORY
We begin with a review of the Lagrangian for a real
scalar field with an arbitrary potential V (φ) in (−+++)
Minkowski spacetime:
L ··= −
1
2
∂µφ∂
µφ− V (φ). (2)
Applying the Euler operator3 for φ—
Eφ ··=
∑
J
(−D)J
∂
∂ (φJ )
=∂φ − Dµ∂(∂µφ) + · · ·
(3)
—we derive the following equation of motion (EOM):
0 = Eφ(L) = −V
′(φ) + ∂µ∂
µφ. (4)
Let us review the usual Poincare´ symmetries associ-
ated with this Lagrangian—in particular its translation
symmetry generators Pα and Lorentz symmetry genera-
tors Mαβ, for α 6= β ∈ {t, x, y, z}:
Pα ··= ∂α
Mαβ ··= xα∂β − xβ∂α
(5)
3 An introduction of notation is helpful here. For a system of M
independent variables {xi} and N dependent variables
{
uℓ
}
, we
denote a (k ≥ 0)-order multi-index J by J ≡ (j1, . . . , jk), where
1 ≤ ji ≤ M . We let #J denote the order (i.e., length) of the
multi-index J , where any repetitions of indices are to be double-
counted. Accordingly, uJ represents a partial derivative taken
with respect to (xj1 , . . . , xjk ). For example, uii ≡ ∂
2u/∂xi∂xi
has #J = 2. Di denotes a total derivative, i.e.:
DiP ··=
∂P
∂xi
+
N∑
ℓ=1
∑
#J≥0
uℓJ,i
∂P
∂uℓ
J
and DJ ≡ Dj1 · · ·Djk . We let (−D)J denote a total derivative
with negative signs included for each index. For example:
(−D)xyzu = (−Dx)(−Dy)(−Dz)u = −
∂3u
∂x∂y∂z
≡ −uxyz.
As is conventional, we will sometimes relax our notation and
denote the total and partial derivatives by the same symbol: ∂i.
where ∂µ ≡ ∂/∂x
µ and xµ = ηµνx
ν . (For now, we
employ the most familiar setting for field theories—
a flat, four-dimensional spacetime labeled by Poincare´-
transformable coordinates xµ.) These symmetries are
called spacetime symmetries because they operate on
spacetime itself—that is, on the independent or horizon-
tal variables of the theory.
We denote the nth-order jet space Jet(n) of scalar
theory—comprised of (i) spacetime’s independent coor-
dinate variables xµ; (ii) the dependent variable φ(xµ);
and (iii) the derivatives of the dependent variable up to
order n: ∂µ1···µnφ(x
µ)—as follows:
Jet(n) ≡ X × U (n)
≡ X × U × U1 × · · · × Un
(6)
for xµ ∈ X , φ ∈ U , ∂µφ ∈ U
1 and so on. X is referred to
as the horizontal subspace of Jet(n), and U (n) as the ver-
tical subspace of Jet(n). Correspondingly, the jet space
differential operator ∂µ is referred to as a horizontal vec-
tor field, while ∂φ + ∂(∂µφ), for example, is referred to as
a vertical vector field.
Generalizing for the moment to an arbitrary 0th-order
jet space Jet(0) = X × U , comprised ofM = dim(X) hor-
izontal and N = dim(U) vertical variables, we briefly re-
view the elements of [3] essential to our study. Following
[3] Eq. (5.1), we define a generalized vector field v on
Jet(0):
v =
M∑
i=1
ζi[u]
∂
∂xi
+
N∑
ℓ=1
γℓ[u]
∂
∂uℓ
(7)
where ζi and γℓ are arbitrary smooth functions, and
where [u] ≡
(
x, u(n)
)
denotes their dependence on any
variables of Jet(n), such that:
[u] ··=
(
xi ∈ X,uℓ ∈ U, uℓxi ∈ U
1, . . . , uℓxi1 ···xin ∈ U
n
)
.
(8)
v is understood to be the generator of a smooth transfor-
mation of the variables in Jet(0). There is a unique exten-
sion of v from X × U to X × U (n) that self-consistently
specifies the flow of the vertical ‘derivative subspace’
U [1,n] ⊂ Jet(n), given the flow of Jet(0) along v. This
extension is referred to as the vector field’s prolongation
and is given by:
pr[v] =
M∑
i=1
ζi[u]
∂
∂xi
+
∑
ℓ∈[1,N ]
#J∈[0,n]
ΩJℓ [u]
∂
∂uℓJ
(9)
where
ΩJℓ [u] ··= DJ
(
γℓ[u]−
M∑
i=1
uℓiζ
i[u]
)
+
M∑
i=1
uℓJ,iζ
i[u] (10)
3and where the sum over #J ∈ [0, n] indicates a sum
over all multi-indices of length 0 ≤ #J ≤ n. (Note that
pr[v] = v when restricted to its #J = 0 terms.) A jet
space vector field v is defined to act on (i.e., infinitesi-
mally transform) any Lagrangian L[u] via its prolonga-
tion: pr[v](L).
Still following [3], we define the evolutionary represen-
tative of v by the following vertical vector field vQ:
vQ =
∑
ℓ∈[1,N ]
Qℓ[u]
∂
∂uℓ (11)
where the characteristics Qℓ[u] of vQ are given by
Qℓ[u] ··= γ
ℓ[u]−
M∑
i=1
uℓiζ
i[u]. (12)
Following Eq. (9), we calculate the prolongation of vQ as
follows:
pr[vQ] =
∑
ℓ∈[1,N ]
#J∈[0,n]
(
DJQℓ[u]
) ∂
∂uℓJ
.
(13)
We define a variational symmetry of the Lagrangian L
as a generalized vector field v for which there exists an
M -tuple B = (B1[u], . . . , BM [u]) such that either of the
following equivalent conditions hold:4
pr[v](L) + L Diviζ
i = Divi(B
i + Lζi)
pr[vQ](L) = DivB.
(14)
As proven in [3] Proposition 5.52, v is a variational sym-
metry of L[u] if and only if vQ is. (We note that vQ is
its own evolutionary representative.)
Noether’s theorem establishes a one-to-one correspon-
dence between the (equivalence classes of) variational
symmetries of a Lagrangian and (equivalence classes of)
its conservation laws.5 Because v and vQ belong to the
same equivalence class, the Noether procedure for vQ
discovers conservation laws equivalent to those of v.
Returning now to our present scalar theory, there-
fore, we first find the evolutionary representatives PαQ
and MαβQ of the Poincare´ symmetries by applying the
framework of Eqs. (7)-(13) to the Poincare´ generators
of Eq. (5). We derive their prolongations pr[PαQ] and
4 We interchangeably employ the notations:
DivP ≡ DiviP
i ≡
M∑
i=1
DiP
i.
5 We refer the reader to [3] pp. 264, 292 for a discussion of trivial
symmetries and conservations laws, and the equivalence classes
they generate.
pr[MαβQ] to first order, which suffices because higher or-
der derivatives do not appear in the Lagrangian L of
Eq. (2). We find:
pr
[
PαQ
]
= −
∂φ
∂xα
∂
∂φ
− Dµ
[
∂φ
∂xα
]
∂
∂(∂µφ)
pr
[
MαβQ
]
= −
(
xα
∂φ
∂xβ
− xβ
∂φ
∂xα
)
∂
∂φ
− Dµ
[
xα
∂φ
∂xβ
− xβ
∂φ
∂xα
]
∂
∂(∂µφ)
.
(15)
Applying these prolonged vector fields to L, we calculate
as follows:
pr
[
PαQ
]
(L) = −Dµ(δ
µ
αL)
pr
[
MαβQ
]
(L) = −Dµ
[(
xαδ
µ
β − xβδ
µ
α
)
L
]
.
(16)
It is immediately seen that
pr [vQ] (L) = −Div (Lζ) (17)
for each of the Poincare´ symmetries vQ = PαQ and
vQ =MαβQ, where ζ refers to the horizontal coefficients
of Eq. (7), as defined in Eq. (5).
Eq. (16) demonstrates that Pα and Mαβ—and their
evolutionary representatives—are variational symmetries
of L, as defined in Eq. (14). By Noether’s theorem, then,
we are guaranteed to find conservation laws associated to
each of these symmetries, as we now do.
We carry out the Noether procedure as specified in [3]
Proposition 5.98 to explicitly solve for these conservation
laws. To do so, we introduce the higher Euler operators
EJ
uℓ
, whose purpose is to facilitate the following ‘inte-
gration by parts’ for any vertical vector field vQ with
characteristics Qℓ, as notated in Eq. (11):
pr[vQ](P ) =
N∑
ℓ=1
∑
#J≥0
DJ
(
Qℓ · E
J
uℓ(P )
)
(18)
for any P . Eq. (18) is definitional, as it uniquely deter-
mines the form of these operators, as follows:6
EJuℓ ··=
∑
I⊇J
(
I
J
)
(−D)I\J
∂
∂uℓI
. (19)
We note that EJ
uℓ
≡ Euℓ is the conventional Euler opera-
tor for J = ∅.
For P = L a Lagrangian, one observes that the right
hand side of Eq. (18) splits pr[vQ](L) into a divergence
6 We let
(
I
J
)
≡ I!/[J !(I\J)!] when J ⊆ I, and 0 otherwise. We
define I! = (˜i1! · · · i˜M !), where i˜k denotes the number of occur-
rences of the integer k in multi-index I. I\J denotes the set
difference of multi-indices, with repeated indices treated as dis-
tinct elements of the set, as they are in J ⊆ I.
4and a term that vanishes along solutions Euℓ(L) = 0 of
our system—that is, on shell :
pr [vQ] (L) =
(
N∑
ℓ=1
Qℓ · Euℓ(L)
)
+ DivA (20)
where the M -tuple A = (A1[u], . . . , AM [u]) is given by
Ak ··=
N∑
ℓ=1
∑
#I≥0
i˜k + 1
#I + 1
DI
[
QℓE
I,k
uℓ
(L)
]
. (21)
Combining the observation of Eq. (20) with the second
relation of Eq. (14), we see that a variational symmetry
vQ yields the following conservation law on shell:
Div (A−B) = 0. (22)
We may now carry out this Noether procedure for
our particular first-order scalar field Lagrangian. We
need only find the higher Euler operator for multi-index
J = (xµ) and dependent variable uℓ = φ, as follows:
E
µ
φ(L) =
∂L
∂(∂µφ)
= −∂µφ. (23)
For our Poincare´ symetries PαQ and MαβQ, therefore:
AµPα = (∂αφ)(∂
µφ)
AµMαβ =
(
xα
∂φ
∂xβ
− xβ
∂φ
∂xα
)
(∂µφ).
(24)
We correspondingly substitute A from Eq. (24) and
B = −Lζ from Eq. (17) for each respective symmetry
into Eq. (22) to solve for our 10 conservation laws:
0 = Dµ
[
∂µφ∂αφ+ ηµαL
]
=·· DµT
µα
0 = Dµ
[
xαT µβ − xβT µα
]
=·· DµL
µαβ .
(25)
We have thus found that the formal manipulations of
[3] recover the familiar conservation laws of scalar field
theory.
REAL ‘SCALAR + 4-VECTOR’ FIELD THEORY
We now explore the Lagrangian of a new field theory
that replicates the dynamics of the familiar scalar theory
described above. In part, we are inspired toward the
following Lagrangian by the Goldstone model of [4]. We
define:
L ··=
1
2
φµφµ −
1
2
φµ∂µφ+
1
2
φ∂µφ
µ − V (φ). (26)
This Lagrangian has five dynamical variables, in the
form of a Lorentz 4-vector φµ and a scalar φ. In this
flat-spacetime theory, (still possessing familiar ‘Poincare´-
deformable’ coordinates), we raise and lower Greek
indices with the Minkowski metric ηµν of signature
(−+++)—for example: φµ = ηµνφ
ν and ∂µ = ηµν∂ν .
We again apply Euler operators to derive the following
five EOM:
0 = Eφ(L) = −V
′(φ) + ∂µφ
µ
0 = Eφσ(L) = φσ − ∂σφ.
(27)
Upon combining these EOM, we see that our new La-
grangian replicates the dynamics of the familiar scalar
field Lagrangian. Unlike the scalar field Lagrangian, how-
ever, our new Lagrangian produces this behavior with
coupled first-order EOM.
The latter EOM of Eq. (27) suggests that φµ func-
tions as the spacetime derivatives of the scalar field. In
this respect, the theory’s variables are reminiscent of a
Hamiltonian system, with first-order EOM given by
[
x˙
p˙
]
=
[
p
−∇V (x)
]
. (28)
Still, the EOM’s differences from the Hamiltonian
formulation—including its democratic, relativistic treat-
ment of space and time—are perhaps more important.
We now repeat the exercise of the prior section and
calculate in the formalism of [3] the symmetries and con-
servation laws of the Lagrangian in Eq. (26). The depen-
dent φµ variables modify much of the analysis.
We begin with the same translation symmetry genera-
tor Pα of Eq. (5), but we must modifyMαβ to account for
our new φµ field. After all, as indicated by Eq. (27), φµ
must transform as a spacetime derivative. We therefore
set:
Pα ··= ∂α
Mαβ ··= xα∂β − xβ∂α + φα∂φβ − φβ∂φα
(29)
Calculating and applying prolongations of these symme-
tries to L, we find that:
pr [Pα] (L) = 0
pr [Mαβ ] (L) = 0.
(30)
L of Eq. (26) is therefore invariant under transformation
by the vector fields Pα and Mαβ of Eq. (29). According
to the first relation of Eq. (14), setting Bi = −Lζi and
noting that Diζ
i = 0 for each symmetry, respectively, Pα
and Mαβ are indeed variational symmetries of L.
To find ‘scalar + 4-vector’ theory’s associated conser-
vation laws, therefore, we may again solve for the pro-
longed evolutionary representatives of the new Poincare´
5symmetries of Eq. (29), up to first order:
pr
[
PαQ
]
= −
∂φ
∂xα
∂
∂φ
−
∂φσ
∂xα
∂
∂φσ
− Dµ
[
∂φ
∂xα
]
∂
∂(∂µφ)
− Dµ
[
∂φσ
∂xα
]
∂
∂(∂µφσ)
pr
[
MαβQ
]
= −
(
xα
∂φ
∂xβ
− xβ
∂φ
∂xα
)
∂
∂φ
−
(
xα
∂φσ
∂xβ
− xβ
∂φσ
∂xα
)
∂
∂φσ
+ φα
∂
∂φβ
− φβ
∂
∂φα
− Dµ
[
xα
∂φ
∂xβ
− xβ
∂φ
∂xα
]
∂
∂(∂µφ)
− Dµ
[
xα
∂φσ
∂xβ
− xβ
∂φσ
∂xα
]
∂
∂(∂µφσ)
+
[
∂φα
∂xµ
∂
∂(∂µφβ)
−
∂φβ
∂xµ
∂
∂(∂µφα)
]
.
(31)
Applying these to the Lagrangian of Eq. (26), we find
that PαQ and MαβQ again satisfy Eq. (17):
pr
[
PαQ
]
(L) = −Dµ(δ
µ
αL)
pr
[
MαβQ
]
(L) = −Dµ
[(
xαδ
µ
β − xβδ
µ
α
)
L
]
.
(32)
Eq. (32) demonstrates that PαQ and MαβQ—prolonged
in Eq. (31)—are also variational symmetries of the La-
grangian in Eq. (26), as they had to be. We can therefore
solve for their associated currents via the Noether proce-
dure of Eqs. (18)-(22).
To solve as before for our conserved currents, we first
derive our new system’s higher Euler operators:
E
µ
φ(L) =
∂L
∂(∂µφ)
= −
1
2
φµ
E
µ
φσ(L) =
∂L
∂(∂µφσ)
=
1
2
φδµσ .
(33)
We thus solve for the 4-tuples given by Eq. (21):
AµPα =
1
2
(φµ∂αφ− φ∂αφ
µ)
AµMαβ =
1
2
(
xα
∂φ
∂xβ
φµ − xβ
∂φ
∂xα
φµ + φαφδ
µ
β − φβφδ
µ
α
− xα
∂φµ
∂xβ
φ+ xβ
∂φµ
∂xα
φ
)
.
(34)
For each respective symmetry, we again substitute A
from Eq. (34) and B = −Lζ from Eq. (32) into Eq. (22),
to derive 10 conservation laws:
0 = Dµ
[
1
2
(
φµ∂αφ− φ∂αφµ
)
+ ηµαL
]
=·· DµT
µα
0 = Dµ
[
xαT µβ − xβT µα +
1
2
φ
(
φαηµβ − φβηµα
)]
=·· DµL
µαβ .
(35)
It is straightforward to show that these conservation
laws are equivalent to the conservation laws of Eq. (25)—
in that they differ by trivial conservation laws, as defined
in [3]. (See footnote 5.) In particular, the familiar energy-
momenta of scalar theory in Eq. (25) are equivalent to
the above energy-momenta of scalar + 4-vector theory.
As such, an experiment measuring a theory’s dynamics
and conserved currents would not be able to distinguish
between a scalar theory and a scalar + 4-vector theory.
REAL 5-VECTOR FIELD THEORY
In the two foregoing scalar and scalar + 4-vector the-
ories, we have defined the Poincare´ symmetries to act
horizontally—that is, on the spacetime manifold. We
note that, by definition, the target of a Poincare´ Lie
group action must take values in a continuum. These
two observations imply that the prior theories’ symme-
tries are inconsistent with a discretization of spacetime.
This is the fundamental reason that lattice field theories,
which define particles at fixed, discrete points embedded
in spacetime, fail to preserve Poincare´ symmetries and
their associated invariants.
Although we defer to our companion paper the presen-
tation of a discrete, Poincare´-invariant theory, we briefly
motivate the following section by considering the pre-
requisites for such a theory. In light of the preceding
argument, the Poincare´ symmetries of a theory with a
discrete horizontal subspace X must act only on the the-
ory’s vertical subspace U (n)—that is, only on its depen-
dent variables.
One might hope that the vertical evolutionary
representatives—PαQ and MαβQ—of the previous sec-
tions would be sufficient for this purpose, but these
merely camouflage their horizontal action by including
derivatives of the dependent variables in their coeffi-
cients. Indeed, there is an effective sense in which any
vector field with a term of the form f [u]ux∂u has an ac-
tion on the horizontal subspace X ⊂ Jet(n). After all,
f [u]ux∂u is equivalent—in the definition of [3]—to the
horizontal vector field f [u]∂x.
This equivalence is more than mere formality. If we ex-
amine PαQ = −(∂φ/∂x
α)∂φ from Eq. (15), for example,
6we see that the Poincare´ index α adorns the spacetime co-
ordinate. A discretization of this coordinate necessarily
breaks, therefore, the infinitesimal Poincare´ invariance of
the theory; indeed, any theory set against a background
of Poincare´-transformable spacetime presupposes a con-
tinuous universe.
In this section, therefore, we evolve our theory to dis-
cover the ‘Poincare´ lift’ that properly verticalizes our
symmetries. We proceed in two pedagogical steps:
(i) We first cleave the Poincare´ group action from the
background coordinates of our theory by introduc-
ing a vierbein solder field into the scalar + 4-vector
Lagrangian. In this ‘vierbein formalism’, we find
vertical Poincare´ symmetries of our EOM, but dis-
cover that the theory—i.e., the Lagrangian—is not
entirely Poincare´-symmetric.
(ii) We then repair this vierbein theory with an ed-
ifying matrix formalism we call 5-vector theory,
introducing (a) the 5-vector particle; (b) its an-
tiparticle; and (c) the fu¨nfbein solder field. We
demonstrate the vertical Poincare´ invariance of the
5-vector EOM and Lagrangian, and derive the the-
ory’s conservation laws.
Poincare´ Lift #1: Vierbein Formalism
We begin by taking inspiration from Eq. (26) and de-
fine the following Lagrangian:
L ··=
1
2
φµe aµ ηabe
b
ν φ
ν −
1
2
φµe aµ ∂aφ+
1
2
φe bν ∂bφ
ν − V (φ).
(36)
In this definition, we have abandoned the Poincare´-
deformable coordinate system {xµ} and denote by {xa}
the flat background of our theory—a 4-D Cartesian man-
ifold with Minkowski metric ηab of signature (−+++).
(See footnote 1.) We have facilitated the introduction
of these Cartesian coordinates using the vierbein, substi-
tuting
∂µ → e
a
µ ∂a (37)
in our Lagrangian and thereby cleaving the target indices
{µ} of Poincare´ symmetries from the background coor-
dinate indices {a}. We shall often denote a point in this
flat background as x ∈ {xa}.
Latin (Cartesian) indices may be lowered with ηab and
raised with its inverse, such that
∂a = ηab∂b. (38)
The repetition of Latin indices indicates a sum—as in the
familiar flat-spacetime Einstein summation convention.
Our Lagrangian again has five dynamical variables, in
the form of a Lorentz 4-vector φµ and a scalar field φ. It
additionally has a 4 × 4 matrix vierbein solder field e aµ ,
with inverse eνb:
e aµ e
µ
b = δ
a
b and e
a
µ e
ν
a = δ
ν
µ. (39)
We note for convenience that ∂(eαa)e
b
β = −e
a
β e
b
α , an
identity readily derived by differentiating Eq. (39).
These fields are defined to be functions over {xa}:
φ(x), φµ(x), e bν (x), and so on. Greek (Poincare´) indices
may be raised and lowered by a ‘metric’ gµν formed of
the vierbeins:
φµ = gµνφ
ν ≡ e aµ ηabe
b
ν φ
ν
φµ = gµνφν ≡ e
µ
aη
abeνbφν .
(40)
One may profitably regard gµν and g
µν simply as com-
pact notations for these arrangements of vierbein fields.
Crucially, in this section we make the following as-
sumptions for the ‘ungauged’ vierbein solder field:
(a) e aµ (x) is constant—that is, ∂b(e
a
µ ) = 0 ∀ x;
(b) e aµ transforms under global Poincare´ transforma-
tions, in a manner to be defined; and
(c) e aµ is a static, non-dynamical field.
These assumptions will be relaxed in the ensuing matrix
formalism. In the present vierbein formalism, however,
these ungauged assumptions will be applied steadfastly.
We may apply Euler operators—defined in terms of
{xa} coordinates—to Eq. (36) and derive the EOM of
our vierbein theory:
(⋆) : 0 = Eφ(L) = −V
′(φ) + e aµ ∂aφ
µ
(⋆⋆)σ : 0 = Eφσ(L) = gσµφ
µ − e aσ ∂aφ.
(41)
We find it convenient to refer to these EOM in the anal-
ysis below as (⋆) and (⋆⋆)σ. It is worth promptly noting
their similarity to the EOM of Eq. (27).
We now take the decisive step and lift our Poincare´
generators to vertical vector fields. We define them as
follows:
Pα ··= φ
α∂φ + (∂
a) ∂e aα
Mαβ ··= φ
σ
(
ηανδβσ − η
βνδασ
)
∂φν
− e aσ
(
ηασδβν − η
βσδαν
)
∂e aν .
(42)
These differential operators are defined to represent the
action of the Poincare´ generators on our matter and sol-
der fields; we will soon verify that they satisfy the appro-
priate Lie algebra.
The Poincare´ vector fields of Eq. (42) warrant some
examination. To clarify the in situ action of Pα, we first
note that
Pα[f(φµ)e aσ g(φ
ν)] = f(φµ)δασ∂
ag(φν). (43)
7The logic for this unusual differential operator ∂a in the
coefficient of the Pα symmetry will be clarified when we
replace Pα and Mαβ with improved matrix operators in
the forthcoming matrix formalism.
We further note that, unlike the prolonged vertical
symmetries defined in Eqs. (15) and (31), which are in
fact equivalent to horizontal symmetries, we have defined
vertical generators in Eq. (42) that do not involve deriva-
tives of dependent variables in their coefficients.
The prolongation of our global symmetries to sufficient
order takes the following form:
pr[Pα] = φα∂φ + (∂aφ
α) ∂(∂aφ) + (∂
a) ∂e aα
pr[Mαβ ] = φσ
(
ηανδβσ − η
βνδασ
)
∂φν
+ (∂aφ
σ)
(
ηανδβσ − η
βνδασ
)
∂(∂aφν)
− e aσ
(
ηασδβν − η
βσδαν
)
∂e aν .
(44)
We may demonstrate that these are infinitesimal sym-
metries of the Euler-Lagrange equations, as follows:
pr[Pα](⋆) = −V ′′(φ)gαµ(⋆⋆)µ + e
α
aD
a(⋆)
+ gαµDaD
a(⋆⋆)µ − e
α
ae
µ
bD
aDb(⋆⋆)µ
pr[Mαβ ](⋆) = 0
pr[Pα](⋆⋆)σ = δ
α
σe
µ
aD
a(⋆⋆)µ
pr[Mαβ ](⋆⋆)σ = [δ
α
ση
βµ − δβση
αµ](⋆⋆)µ.
(45)
Each right hand side above clearly vanishes on shell—
that is, on the submanifold of the jet space satisfying the
EOM of Eq. (41). The flow of the dependent variables
along these vector fields therefore carries solutions of our
EOM into other solutions, leaving the solution subman-
ifold invariant. By definition, therefore, Pα and Mαβ of
Eq. (42) are symmetries of our EOM.
It is furthermore straightforward to check that these
symmetries, as defined in Eq. (42), satisfy the Poincare´
Lie algebra:
q
Pα, P β
y
= 0
q
Mαβ, Pµ
y
= ηαµP β − ηβµPα
q
Mαβ,Mµν
y
= ηαµMβν + ηβνMαµ − ηανMβµ − ηβµMαν .
(46)
The Poincare´ invariance of the above theory is there-
fore apparent in the 10 symmetries of our EOM—defined
in Eq. (42) and verified in Eq. (45)—which satisfy the
Poincare´ Lie algebra in Eq. (46).
And yet, the Poincare´ invariance of the vierbein
formalism is incomplete. Calculating pr[Pα](L) and
pr[Mαβ ](L) for L in Eq. (36), it is easily shown that
whileMαβ of Eq. (42) is a variational symmetry of L—as
defined in Eq. (14)—Pα is not. While variational sym-
metries of a Lagrangian L are always symmetries of its
EOM Eu(L), the converse is not always true [3], as we
have just seen.
In the subsequent 5-vector theory, we will find a com-
pletely Poincare´ invariant theory by addressing the fol-
lowing three limitations of our vierbein formalism:
• The vierbein’s transformation under Pα of Eq. (42)
is too inflexible, in a sense that will be clarified. We
will use the matrix formalism to define a more flex-
ible notion of our solder field’s translation, which
will require the vierbein’s expansion into the 5× 5
fu¨nfbein.
• The vierbein theory lacks an antiparticle. If we
consider the EOM of Eq. (41), we note that the
momentum of our φ field is—roughly speaking—
characterized by the φµ field. Because the 5-vector
must transform under translations, its ‘linear mo-
mentum charge’—in a quantized theory—should be
conserved in its interactions. The terms of a 5-
vector Lagrangian should therefore couple only the
5-vector field and its antiparticle.
• The vierbein field is non-dynamical. The setting
of Noether’s procedure in jet space requires that
any vertical field—any dependent variable—has a
corresponding Euler-Lagrange equation. We shall
therefore define our fu¨nfbein solder field to be dy-
namical.
In the following matrix formalism, we render the im-
provements motivated above. We will introduce three
new elements into our Lagrangian: (a) the 5-vector par-
ticle; (b) its antiparticle—the twisted 5-vector ; and (c)
the fu¨nfbein solder field.
Poincare´ Lift #2: Matrix Formalism
We therefore refine our vierbein theory by reexpressing
its fields and group actions in the form of matrix repre-
sentations. In the following, we recast the action of the
Poincare´ symmetries—represented as differential opera-
tors on jet space in Eq. (42)—as matrix transformations
on our matter and solder fields.
We choose the following faithful, non-unitary 5×5 ma-
trix representation ρ of the Poincare´ group:
ρ :


(Λ, ϕ) → Λ ≡
[
Λµν 0
ϕν 1
]
(1,0) → Λ0 ≡
[
δµν 0
0 1
]
(Λ, ϕ)−1 → Λ−1 ≡
[
(Λ−1)µν 0
−ϕσ(Λ
−1)σν 1
]
.
(47)
We correspondingly organize our matter fields into a 5-
component column vector that we call a 5-vector—φ—
whose components and Poincare´ transformation are de-
8fined as follows:
φ(x) ··=
[
φµ
φ
]
(x)
Λ · φ ··=
[
Λµν 0
ϕν 1
]
·
[
φν
φ
]
=
[
Λµνφ
ν
φ+ ϕνφ
ν
]
.
(48)
We furthermore augment our vierbein into a 5 × 5
matrix we call the fu¨nfbein—e—whose components and
transformation are defined to be:
e(x) ··=
[
e aµ 0
eµ 1
]
(x)
e ·Λ−1 ··=
[
e aµ 0
eµ 1
]
·
[
Λµν 0
ϕν 1
]−1
=
[
e aµ (Λ
−1)µν 0
eµ(Λ
−1)µν − ϕσ(Λ
−1)σν 1
]
.
(49)
We call particular attention to the inverse action of Λ on
the fu¨nfbein, as well as the distinct use of left and right
matrix multiplication for the 5-vector and fu¨nfbein, re-
spectively. For completeness, we note that eT transforms
just as it should: eT →
(
e ·Λ−1
)T
= Λ−TeT .
We define our antiparticle—the twisted 5-vector φ˜—
as a 5-component row vector with the following Poincare´
transformation:
φ˜(x) ··=
[
φ˜µ φ˜
]
(x)
φ˜ ·ΛT ··=
[
φ˜ν φ˜
]
·
[
Λµν ϕν
0 1
]
=
[
φ˜νΛµν
∣∣∣ φ˜+ φ˜νϕν] .
(50)
Despite the identical Poincare´ transformations of φ˜ and
φT , the EOM of φ˜ will emphasize its uniqueness from φ,
as we shall see.
As a point of clarification, our notation in Eq. (50)
is somewhat schematic. One might prefer to explicitly
notate the implied transpose of the 4-vector φ˜µ and the
Poincare´ matrix components, e.g. [(φ˜ν)T (Λµν)
T ]. Wher-
ever components of φ˜, ΛT and eT are written, however,
we will continue to rely on indices to indicate the appro-
priate order of operations, as we have in Eq. (50), and
we trust that it will not be a source of confusion.
We observe that, given the matrix group actions de-
fined in Eqs. (48)-(50), the expressions
φ˜ · eT =
[
φ˜µ φ˜
]
·
[
e aµ eµ
0 1
]
and e · φ =
[
e aµ 0
eµ 1
]
·
[
φµ
φ
]
(51)
are invariant under Poincare´ transformations.
As a final introductory note before we define ungauged
5-vector theory, we state our solder field assumptions for
the ‘ungauged’ fu¨nfbein in the matrix formalism:
(a) e(x) is constant7—that is, ∂ae = 0 ∀ x;
(b) e transforms under global Poincare´ transforma-
tions, as defined in Eq. (49); and
(c) e is a dynamical field, (though its EOM will turn
out to be indeterminate in this as-yet-ungauged
theory).
In (c), we have relaxed the non-dynamical solder field
assumption of the vierbein formalism.
We are at last ready to define the 5-vector Lagrangian
in our matrix formalism:
L ··= φ˜e
T
{
∂η − ∂V
}
eφ
··=
[
φ˜µ φ˜
] [e aµ eµ
0 1
]
·
{[
ηab −∂a
−∂b ∂
2
]
−
[
0 0
0 ∂2 −m2
]}[
e bν 0
eν 1
][
φν
φ
]
.
(52)
Defining the Poincare´-invariant quantities
φ0 ··= φ+ eµφ
µ
φ˜0 ··= φ˜+ eµφ˜
µ,
(53)
we may concisely rewrite this Lagrangian as:
L = φ˜µgµνφ
ν − φ˜µe aµ ∂aφ0 − φ˜0∂b(e
b
ν φ
ν) +m2φ˜0φ0.
(54)
We now make several comments about L.
First, we have restricted our theory to the (al-
most Klein-Gordon) potential V (φ˜0, φ0) = m
2φ˜0φ0. This
potential is uniquely well-suited to our bilinear ma-
trix formulation, however, self-interacting potentials
V = V (φ˜0, φ0), defined in terms of the Poincare´-invariant
quantities of Eq. (53), are equally admissible. We also
note that, given the positive sign of V within L, we
have arbitrarily chosen to flip the overall sign of the La-
grangian.
Second, we have included in Eq. (52) two matrices
formed of ‘background {xa} operators’, denoted by the
symbols ∂η and ∂V . Importantly, these matrices do
not transform under Poincare´ transformation. Loosely
speaking, they characterize the horizontal kinematics of
our fields on {xa}, while the other matrices of our La-
grangian characterize the vertical dynamics of our fields.
7 This assumption is applied as if it were an on-shell condition.
It is not required a priori, for example, when deriving EOM
or applying Poincare´ transformations. In general relativity, a
related assumption appears as the ‘tetrad postulate’ [5], wherein
∇a(e bµ ) = 0 for the covariant derivative ∇a. Since our present
theory is as yet ungauged, it is analogous that we should require
∂ae = 0.
9There is a redundancy in the formulation of these ma-
trices: Rather than combine ∂η and ∂V into a single
matrix, we include second derivatives ∂2 ≡ ∂a∂a in ∂η
and ∂V whose terms φ˜0∂
2φ0 cancel each other out.
We do this to highlight the relationship between the
Poincare´ transformation of the fu¨nfbein, and the jet
space transformations given in the vierbein formalism’s
Eq. (42). Taking ∂η alone, the Poincare´ translation
[eT∂ηe]→ [Λ
−TeT∂ηeΛ
−1] for Λ = (1, ϕ) exactly re-
produces the vierbein translation Pα previously defined
in Eq. (42). Indeed, it is now clear why the unusual
coefficient ∂a appears in the definition of Pα in the vier-
bein formalism: It effectively replaces the transformation
of the four hidden eµ components of the fu¨nfbein field,
without explicitly including them in the theory.
In this sense, the transformation of e in the full context
of [eT {∂η − ∂V }e] reveals the flexibility of the fu¨nfbein’s
transformations relative to the vierbein.
Having characterized elements of our 5-vector La-
grangian, we now proceed to examine its Poincare´ sym-
metry. The matrix generators of the Poincare´ group are
given by:
[Pα]µσ ··=
[
0 0
δασ 0
]
[Mαβ ]µσ ··=
[(
δασ η
βµ − δβση
αµ
)
0
0 0
]
.
(55)
It is easily verified that these generators satisfy the Lie
algebra of Eq. (46).
We apply these generators to L of Eq. (52) as we would
differential operators, and note that the prolongations
of their actions are equivalent to transforming our ma-
trix fields wherever those fields appear—even under a
derivative operator. In particular, the matrix genera-
tors of Eq. (55)—(and their negations and transposes, as
appropriate)—applied to the fields of L in situ, gener-
ate the same transformations as the following prolonged
vector fields:
pr[Pα] =
∑
J={∅,a,··· }
[
φαJ∂φJ + φ˜
α
J∂φ˜J
]
− ∂eα
pr[Mαβ ] =
∑
J={∅,a,··· }
[
φσJ (δ
α
ση
βν − δβση
αν)∂φν
J
+ φ˜σJ(δ
α
σ η
βν − δβση
αν)∂φ˜νJ
− (eσ)J (δ
α
ν η
βσ − δβν η
ασ)∂(eν )J
− (e cσ )J (δ
α
ν η
βσ − δβν η
ασ)∂(e cν )J
]
.
(56)
We therefore observe that the 5-vector Lagrangian of
Eq. (52) is completely invariant under Poincare´ transfor-
mations:
pr[Pα](L) = 0
pr[Mαβ](L) = 0.
(57)
Eq. (57) demonstrates that our matrix transformations
are indeed variational symmetries of our Lagrangian in
Eq. (52)—and that we have, therefore, repaired the vier-
bein formalism. Having successfully lifted the Poincare´
symmetries of our classical field theory, we have thus ful-
filled our ‘verticalization program’.
We may now derive the EOM for our matter and sol-
der fields. We simply apply Euler operators—again de-
fined in terms of {xa} coordinates—to the Lagrangian of
Eq. (52):
0 = Eφ˜(L) = e
T
{
∂η − ∂V
}
eφ
0 = Eφ(L) = e
T
{
∂˜η − ∂V
}
eφ˜
T
0 = Eeσ(L) = −φ˜
σ
[
∂b(e
b
ν φ
ν)−m2(eνφ
ν + φ)
]
+ φσ
[
∂a(e
a
µ φ˜
µ) +m2(eµφ˜
µ + φ˜)
]
0 = Ee aσ (L) = φ˜
σηab
[
e bν φ
ν − ∂b (eνφ
ν + φ)
]
+ φσηab
[
e bµ φ˜
µ + ∂b
(
eµφ˜
µ + φ˜
)]
.
(58)
In the second equation above, we have employed a new
‘kinematic matrix’:
∂˜η ≡
[
ηab ∂a
∂b ∂
2
]
, (59)
which reflects the change in sign of first-order derivatives
upon the evaluation of an Euler operator.
We define the following Poincare´-invariant quantities
(◦) ··= m
2φ0 − ∂b(e
b
ν φ
ν)
(•) ··= m
2φ˜0 + ∂b(e
b
µ φ˜
µ)
(◦◦)a ··= ηabe
b
ν φ
ν − ∂aφ0
(••)a ··= ηabe
b
µ φ˜
µ + ∂aφ˜0,
(60)
so that we may reexpress our EOM of Eq. (58) as follows:
0 = Eφ˜σ (L) = e
a
σ (◦◦)a + eσ(◦)
0 = Eφ˜(L) = (◦)
0 = Eφσ (L) = e
a
σ (••)a + eσ(•)
0 = Eφ(L) = (•)
0 = Eeσ (L) = φ˜
σ(◦) + φσ(•)
0 = Ee aσ (L) = φ˜
σ(◦◦)a + φ
σ(••)a.
(61)
We see that all of our EOM are therefore solved when:
(◦) = (•) = (◦◦)a = (••)a = 0. (62)
We observe that our EOM are indeterminate of the
solder field’s 20 degrees of freedom (DOF). This is to be
expected in an ungauged theory—inasmuch as the ‘dy-
namics’ of ηµν are ‘indeterminate’ in a flat theory of grav-
ity without curvature. Indeed, our assumption ∂ae = 0
requires e to be constant over all {xa}.
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We further note from Eq. (62) that both φ0 and φ˜0
obey the Klein-Gordon equation on shell:
(∂2 −m2)φ0 = (∂
2 −m2)φ˜0 = 0. (63)
Despite these identical dynamics, the (•) and (••)a EOM
for φ˜ have an important sign difference with respect to
(◦) and (◦◦)a. The internal dynamics of the components
of φ˜ are distinctly opposite those of φ, encouraging its
interpretation as the antiparticle of φ.
Finally, we proceed to develop the 10 conservation
laws of 5-vector theory. Because our symmetries are al-
ready vertical, and since B of Eq. (22) exactly vanishes
in Eq. (57), we need only calculate the 4-tuple A that
completes our conservation laws, as defined in Eq. (21).
Gathering the nonzero data required, we find:
Eaφ(L) = −e
a
µ φ˜
µ
Eaφσ(L) = −e
a
σ φ˜0 − eσe
a
µ φ˜
µ
Eaeσ (L) = −e
a
µ φ˜
µφσ
Eae bσ
(L) = −δabφ
σ φ˜0
QP
α
φ = φ
α QM
αβ
φν =
(
δαση
βν − δβση
αν
)
φσ
QP
α
φ˜
= φ˜α QM
αβ
φ˜ν
=
(
δαση
βν − δβση
αν
)
φ˜σ
QP
α
eσ
= −δασ Q
Mαβ
eν
=
(
δβν η
ασ − δαν η
βσ
)
eσ
QM
αβ
e aν
=
(
δβν η
ασ − δαν η
βσ
)
e aσ .
(64)
Following Eq. (21), these data yield the following 4-
tuples:
AaPα = 0
AaMαβ = 0.
(65)
We have therefore discovered that the canonical Noether
currents of 5-vector theory are trivial—that is, they van-
ish on shell.
By Noether’s second theorem, this triviality can be
seen as the result of the gauge-like Poincare´ symmetry
of L in Eq. (52)—that is, its local Poincare´ symmetry.
Analogous results are found in other locally symmetric
(gauge) theories, for example, in the ‘strong’ conservation
laws of general relativity [6–8].
Nevertheless, it is clear from the comparable physics
of scalar + 4-vector theory and 5-vector theory that 5-
vector theory also conserves 10 nontrivial currents as it
evolves through its EOM solution subspace. These non-
trivial conservation laws may be identified by simply not-
ing that the EOM of Eq. (62) have the same structure as
the scalar + 4-vector EOM of Eq. (27).
We can therefore write down corresponding conserva-
tion laws, taking inspiration from Eq. (35) and recalling
that we have sign changes from the overall Lagrangian
and antiparticle terms:
0 = Da
[
eαb
(
e aµ φ˜
µ∂bφ0 + φ˜0∂
b(e aµ φ
µ)
)
+ eαbη
baL
]
=·· DaT
aα
0 = Da
[(
eαbx
bT aβ − eβbx
bT aα
)
− ηab
(
φ˜αeβb − φ˜
βeαb
)
φ0
]
=·· DaL
aαβ.
(66)
We note that on-shell substitutions from the EOM of
Eq. (62) reduce the first of these conservation laws to the
following equality: 0 = (∂ae
α
b) ·
[
φ˜0∂
a∂bφ0 − ∂
aφ˜0∂
bφ0
]
.
We therefore use our flat solder field assumption—
∂ae = 0—to validate that DaT
aα = 0. The second re-
lation, DaL
aαβ = 0, follows similarly.
Before concluding our discussion of ungauged 5-vector
theory’s conservation laws, we seek to reexpress Eq. (66).
In the manner of a quantum mechanical probability cur-
rent, we symmetrize the contributions of the 5-vector φ
and the twisted 5-vector φ˜ to the energy-momentum T aα.
We further note that the Lagrangian L = 0 on shell, so
that it may be omitted from T aα. With these consider-
ations, we discover the following modified conservation
laws:
0 = DaT¯
aα ··= Da
[
eαbe
a
µ
(
φ˜µ∂bφ0 − φ
µ∂bφ˜0
)
+ eαb
(
φ˜0∂
b(e aµ φ
µ)− φ0∂
b(e aµ φ˜
µ)
)]
0 = DaL¯
aαβ ··= Da
[
eαbx
bT¯ aβ − eβbx
bT¯ aα
]
.
(67)
These symmetrized energy-momenta, which are readily
verified by substitutions from Eq. (62), will prove indis-
pensable in our discrete companion paper. We further
observe that the symmetrized angular momentum con-
servation law no longer requires an additional offsetting
term, as appeared in Eqs. (35) and (66).
The Comparable Symmetries of
5-Vector Theory and Scalar Theory
We have demonstrated the lifted Poincare´ symmetries
of 5-vector theory, and discovered its nontrivial conser-
vation laws. We now pause to compare the vertical
Poincare´ symmetries we have defined for 5-vector the-
ory with the more familiar Poincare´ transformations of
scalar field theory.
In Eq. (48), the action of the translation symmetry
Pα on our 5-vector particle is reminiscent of the familiar
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translation of scalar theory—truncated to first order:
Scalar: φ → φ+ ϕµ∂µφ+ · · ·
5-Vector: [φµ φ] →
[
φµ
∣∣∣ φ+ ϕµφµ] .
Similarly, inasmuch as the vierbein is a map from the
Cartesian background to the local frame—∂µ = eµa∂
a—
we may compare its transformation under Pα in the dif-
ferential operator formalism of Eq. (42) with the more
familiar transformation of the spacetime derivative un-
der a translation in scalar field theory:
Spacetime Derivative: ∂µ → ∂µ + ϕν∂ν∂
µ + · · ·
Vierbein: eµa∂
a → eµa∂
a + ϕµ∂a∂
a.
Up to indexation, this translation resembles the first-
order truncation of its scalar theory counterpart.
The Lorentz symmetry Mαβ in Eq. (48) is even
more immediately recognizable from scalar theory than
Pα. Indeed, Mαβ effects the transformation of our 4-
vectors—that is, the ‘Lorentz sectors’ of our 5-component
fields—just as it does for the 4-vector spacetime deriva-
tives of scalar field theory.
CONCLUSION
In 5-vector theory, we have thus discovered a Poincare´-
symmetric theory with vertical group transformations, as
desired. In Eq. (52), we have defined the physics of 5-
vector theory, and found that its dynamics on a static
Cartesian background replicate those of a scalar field in
flat spacetime, as in Eq. (63). We have furthermore dis-
covered its conservation laws, as expressed in Eq. (67).
We conclude that 5-vector theory is a viable classical field
theory, whose dynamics and conservation laws essentially
reproduce the physics of a real scalar field.
Upon reflection, a revision of our physical intuition is
prompted by this theory. We have demonstrated how the
‘background canvas’ of 5-vector theory can be regarded as
an invariant object—without sacrificing any consequen-
tial aspect of the spacetime symmetries of scalar the-
ory. By constructing the 5-vector and solder field to
have Lorentz and translation components, we have re-
cast ‘background’ spacetime symmetries as ‘foreground’
symmetries of dynamical fields.
We furthermore observe that the invariant background
{xa} constitutes an absolute reference frame, and ap-
pears to restore the notion of simultaneity to relativistic
field theory. After all, two events x, y ∈ {xa} that satisfy
x0 = y0 are, formally, simultaneous.
However, a ‘5-vector observer’—that is, an observer
composed of 5-vector matter fields—whose relativistic
dynamics are described by Eq. (62), would experience the
passage of time in her own reference frame. Therefore,
while two events may have a well-defined simultaneity in
the Cartesian background, they may not be observed to
be simultaneous by such a ‘vertical’ observer.
To lift the Poincare´ symmetries, 5-vector theory re-
quires the coexistence of the ‘absolute universal clock’
of Newtonian physics, and the ‘local relativistic clock’
of Einsteinian physics. In our companion paper, we will
further demonstrate that this absolute Newtonian clock
might well be digital.
ACKNOWLEDGMENTS
This research was supported by the U.S. Department
of Energy (DE-AC02-09CH11466).
[1] A. S. Glasser and H. Qin, Restoring Poincare´ Symmetry
to the Lattice (in preparation, 2019).
[2] D. K. Wise, Classical and Quantum Gravity 27, 155010
(2010), arXiv: gr-qc/0611154.
[3] P. J. Olver, Applications of Lie Groups to Differential
Equations, 2nd ed., Graduate Texts in Mathematics, Vol.
107 (Springer-Verlag New York, 1993).
[4] T. W. B. Kibble, Physical Review 155, 1554 (1967).
[5] S. M. Carroll, Spacetime and Geometry: An Introduction
to General Relativity (Pearson, 2003).
[6] J. G. Fletcher, Reviews of Modern Physics 32, 65 (1960).
[7] J. N. Goldberg, in General Relativity and Gravitation,
Vol. 1 (Plenum Press, New York, 1980) pp. 469–489.
[8] Y. Kosmann-Schwarzbach, in The Noether Theorems: In-
variance and Conservation Laws in the Twentieth Cen-
tury , Sources and Studies in the History of Mathe-
matics and Physical Sciences, edited by Y. Kosmann-
Schwarzbach and B. E. Schwarzbach (Springer New York,
New York, NY, 2011) pp. 55–64.
